Abstract. Uncertainty is unavoidable in engineering and has been intensively studied. Most of the studies focus on time invariant uncertainty. In many applications, uncertainty is time dependent. This paper reviews several progresses in time-dependent uncertainty methodologies. The task at the analysis level is to quantify the effect of time-dependent uncertainty on product performance, such as the probability of failure for a given period of time. The task at the design level is to identify optimal design variables that not only optimize the performance of the product but also mitigate the effect of uncertainty so that design requirements are satisfied during the entire product lifetime. Examples are given to show the benefits of considering time-dependent uncertainty during the design process.
Introduction
Uncertainty commonly exists in engineering applications. Examples include random parameters of loading, dimensions of parts, and material properties. Uncertainty is usually modeled as random variables. The following problem is of primary interest: Given the joint distribution of random variables 1 2 ( , ,
, find the distribution of ( ) y g  x , where y is a variable that represents the performance of a component or a system, and ( ) g  is the performance function and is also called a limit-state function in reliability-based design.
There are two major areas for design under uncertainty, including reliability-based design (RBD) and robust design (RD). The former intends to minimize a cost while satisfying the reliability requirements, and the latter seeks an optimal design so that the design performance is not sensitive to variations. In RBD, reliability is defined by
where 0 y  is considered as a working state; for example, the factor of safety is greater than 1. This task is referred to as reliability analysis, which is embedded in an optimization framework of RBD, given by Find: Design variables Minimize: cos )
Where [ ] R is the required reliability. Solving the above optimization problem is time consuming, and many RBD methodologies have been developed to ensure high efficiency with acceptable accuracy. Developing efficient RBD methods are still an ongoing research topic.
The other approach to uncertainty is robustness, which is determined by the insensitivity of a product performance to uncertainty. A typical RD optimization model is given by 2 2 [ 
In the above model, ( ) L  is the quality loss, and ( ) f  is the product performance. Minimizing its expectation [ ] E L not only brings the average performance f  to its target value m , but also reduces its standard deviation (variation) f  simultaneously.
In the above discussions, uncertainty is assumed time invariant. In many engineering applications, however, uncertainty is time dependent. For example, the load of a wind turbine varies randomly over time. For this case, uncertainty should be described by stochastic processes. Engineering analysis and design under time-dependent uncertainty are discussed in the following sections.
Time-Dependent Uncertainty Analysis
When time is involved, the limit-state function become ( ) ( , , ) y t g t  x z , where t denotes the time and z is a vector of input stochastic processes. The reliability is then defined in a time period [0, ] T and is given by
The evaluation of Eq. (4) is much more computationally expensive than that of time-independent reliability in Eq. (1). The widely used method is the Rice's formula, which is based on the upcrossing rate. An upcrssing is the event when ( , , ) y g t  x z up-crosses its limit-state 0 y  from the safe region 0 y  to the failure region 0
, is the time derivative of the probability of the upcrossing at t . Under the assumption that all the upcrossings are independent, the time-dependent probability of failure is computed by
It is easy to use the Rice's formula, but the accuracy may not be good when the dependence between upcrossings is strong.
To have better accuracy, one may consider joint upcrossing rate ( , )
, where t and  are two instants on [0, ] T . This method is called the joint upcrssing rate method [1] . Once ( , )
v t   is available, a more accurate PDF (probability density function) of time to failure ( ) f t can be numerically obtained through the following integral equation:
This will lead to a more accurate estimate of time-dependent reliability, given by
The joint upcrossing method is, however, less efficient than the Rice's formula. A number of other time-dependent methods are also available, and their purpose is to have better accuracy or efficiency than the traditional Rice's formula. The composite limit-state function method [2] converts a time-dependent problem into its time-independent counterpart. The strategy is to form a composite limit-state function using the limit-state functions at all the instants on [0, ]
T . The other similar method is the envelope method [3] , which creates an envelope that encloses all the limit-state functions at all the instants on [0, ]
T . Then a time-independent reliability method is used with the composite limit-state function or the envelope function, either of which is time independent.
With the time-dependent uncertainty, the robustness specified by the quality loss should also be modified. One approach is to use the maximum quality loss on [ 
The outcome will be optimal designs that meet the reliability requirement with a reduced cost or make product performance not sensitive to variations. Compared to time-independent problems, solving the above optimization models are much more computationally intensive. Developing efficient numerical procedures and algorithms is still an active research topic.
Examples

Time-Dependent Reliability Analysis [1].
A linkage mechanism is shown in Fig. 1 . The motion output is the difference between the displacements of sliders A and B. The random variables are
. y is a function of time t and is therefore a stochastic process. 1 (213, 0.2 ) N mm, respectively. Due to the randomness, the actual motion output is random, and the motion error is the difference between the actual motion output and the nominal motion output, which is the motion output evaluated at the means of x . If the absolute motion error is greater than the required motion error, a failure occurs.
The time-dependent probabilities on [0, ] [0,1.2] T  seconds from the joint upcrossing method, single upcrossing method (the Rice's formula), and Monte Carlo simulation (MCS) are shown in Table 1 .The former two method are based FORM, and MCS solution is considered as an accurate solution. The results indicate that the joint upcrossing method is much more accurate than the single upcrossing method. In the table,  denotes the relative error with respect to the MCS solution, whose 95% confidence interval (CI) is also given in the table. The objective is to minimize the average weight, subject to two reliability constraints associated with the strengths of the two bars. The required reliability of the two bars in a time period of [0, 10] years is 0.99. This means that the maximum stresses of the two bars are always less than or equal to the material yield strengths in the entire time period [0, 10] years at a probability level no less than 99%. The optimal solution is found to be mm, which not only produce an average minimal weight, but also guarantees that the probability of no failure in a period of 10 years will be greater than or equal to 99%. Figure 1 . A linkage mechanism. Figure 2 . A two-bar frame.
Summary
When time-dependent uncertainty exists, engineers need to answer several critical questions for their analysis and design. For example, what is the likelihood that a component will fail after it has been put into operation for a period of time? How can engineers improve the design if the previous likelihood is high? The answers to the two questions are time-dependent reliability and time-dependent reliability-based design, respectively. On the other hand, time-dependent robust design answers the question about identifying optimal design variables so that the product performance is not sensitivity to the uncertainty during its lifetime. This paper reviews several recent relevant progresses and demonstrate the benefits of considering time-dependent uncertainty in design optimization. Time-dependent uncertainty is still an ongoing research topic, and there are many open questions to be answered.
